This paper details a simple procedure by which the entropy generation in simultaneous heat and mass exchange devices can be minimized. Effectiveness for these devices is defined and a new parameter, 'modified heat capacity rate ratio' is introduced. It is found that the entropy generation of a combined heat and mass exchange device is minimized (at constant value of effectiveness) when the modified heat capacity rate ratio is equal to one irrespective of the value of other independent parameters. Several typical examples of the cooling towers have been studied to illustrate this concept. A practical application of the concept is also illustrated using a humidification-dehumidification desalination system.
Introduction
Devices in which simultaneous heat and mass exchange occur are commonly used in the power and refrigeration industries. Cooling towers used in steam or combined cycle power plants are a typical example. Humidifiers and dehumidifiers used in HVAC systems are also examples. To optimize the performance of systems containing such devices, the irreversibilities of individual devices must be minimized [1, 2] . Since the total irreversibility of a system is the sum of the component irreversibilities, this procedure improves the system performance.
A few researchers [2] [3] [4] have previously attempted to optimize the second law design of heat and mass exchange devices by studying the sources of irreversibilities at the local level. Carrington and Sun [4] presented the following expression for the volumetric entropy generation rate as a sum of the three components that arise in combined heat and mass transfer processes. These include a mass transfer component, a heat transfer component and a coupled heat and mass transfer component, neglecting the irreversibilities due to fluid flow.
The first term on the right hand side of Eqn. 1 is the heat transfer component of the total irreversibility. In heat exchangers (without phase change or mass transfer, for example) this is the only term that causes the irreversibilities, other than the fluid flow irreversibilities.
Hence, by balancing the stream-to-stream temperature difference in the heat exchangers we can minimize entropy production for a fixed effectiveness. In the following section it is shown how the temperature balance minimizes entropy production in a heat exchanger. However, the same is not true for a combined heat and mass exchange device, since in some situations the second and third term (related to mass diffusion irreversibilities) in Eqn. 1 can play a major role. Which component dominates the irreversibility depends on how steep the temperature and mass concentration gradients (x) are.
To exactly evaluate the contribution of each of the terms in Eqn. 1 on total irreversibility one has to perform a volume integral that requires knowledge of the local temperature and mass concentration profiles throughout the device. Hence, it is useful to apply a simple control volume approach to identify the key variables governing the process. This paper develops a control volume procedure that facilitates minimization of the entropy generation in simultaneous heat and mass exchangers. The method uses an enthalpy-based effectiveness and modified heat capacity rate ratio, which is suitable for on-design analysis of adiabatic two-stream components within a cycle.
Heat exchangers
Several researchers have previously studied entropy production in heat exchangers [5] [6] [7] [8] [9] [10] [11] [12] .
In this section, we draw upon this literature to develop an understanding of how entropy production can be minimized for heat exchangers. Conservation equations for a counterflow heat exchanger shown in Fig. 1 are as follows. It is assumed that there is no phase change in either the hot or the cold fluid streams and that the heat exchanger has no heat loss to the environment.
Energy conservation is expressed bẏ
and if the specific heat capacities are constanṫ
Here, we have assumed that both the streams are incompressible and that the pressure change is negligible between the inlet and outlet. The Second Law gives,
=ṁ c c p,c · ln
The heat exchanger effectiveness is defined in the usual fashion as actual to maximum heat transfer:
We define the heat capacity rate ratio (HCR) as
Using these equations we can write the entropy generation in two possible ways, Case I,Ċ c <Ċ h :
Case II,Ċ h <Ċ c :
Hence, it can be seen that entropy production depends on these parameters:
In Fig. 2 , we have shown that for various values of effectiveness and a fixed temperature ratio, the non-dimensional entropy generation is minimized at HCR=1. A simple calculation shows that this is true for all values of temperature ratio and effectiveness. At this condition, the heat exchanger is said to be 'balanced'. It is important to understand that the streamto-stream temperature difference is constant throughout the length of the heat exchanger in this condition (see Eqn. 3 and 8) . In other words, the driving force (temperature difference) is balanced.
Simultaneous heat and mass exchangers
The driving force for energy transfer in a combined heat and mass exchanger is a combination of both the temperature difference and the concentration difference. In this section, we take several typical examples for a cooling tower to explain how the entropy generation can be minimized by balancing this driving force. First, we define some new terminology which is helpful in understanding these details.
Terminology used
The heat exchanger terminology that is used in the previous section is not directly applicable to combined heat and mass exchangers. For example, in a counterflow cooling tower (where hot water is losing heat and mass to humid air by direct contact), it is not possible to define the change in enthalpy of the moist air stream as the product of specific heat capacity at constant pressure and change in temperature because the humidity ratio should also be considered:
If we neglect the effect of pressure variation on enthalpy
where
Alternatively, the enthalpy of moist air (air-water vapor mixture), can be defined as,
In the above equation, it is assumed for purposes of discussion that the water vapor and dry air are ideal gases and also that their specific heat capacities are constant (in the calculations of Section 3.3, exact properties are used). Taking these ideas into consideration, we define the component effectiveness carefully before we look at examples of balancing the heat and mass exchanger.
Component effectiveness
An energy effectiveness (analogous to the effectiveness defined in heat exchanger design)
is defined here. This definition is based on the maximum change in total enthalpy rate that can be achieved in an adiabatic heat and mass exchanger. Figure 3 illustrates the second law limitations imposed on a counterflow cooling tower. In the figure, 'wb,1' is the wet bulb point of the air at the inlet to the humidifier and 'a,2' is the exit air state. The air is assumed to be saturated at the inlet and hence, T wb,1 = T a,1 . The saturation line connecting the point 'wb,1'
to 'a,2' represents one possible process path for the humidification process. The maximum dry bulb temperature that can be achieved by the saturated air at the exit of the humidifier is the water inlet temperature (indicated by point 'a,3'). From Fig. 3 , we see that the maximum possible change in enthalpy rate for saturated air entering the humidifier occurs if the air can be brought to saturation at the water inlet temperature (∆Ḣ max,a =ṁ da · (h ideal a,o − h a,i )). The required energy is drawn from the water stream, which may or may not have the capacity rate (ṁ w c p,w ) necessary to supply that amount of energy within the limits imposed by the air and water inlet temperatures. If the water stream lacks sufficient capacity, the maximum possible change in total enthalpy rate will be that which cools the water to the air inlet
In this case the outlet air will be cooler than the water inlet temperature, and it may or may not be saturated.
Two parameters are required to fix the exit state of the air. In this analysis we fix the enthalpy and the relative humidity. The enthalpy is fixed indirectly by setting the effectiveness of the humidifier which is defined as the ratio of actual change in total enthalpy rate of either stream (∆Ḣ) to maximum possible change in total enthalpy rate (∆Ḣ max ):
Based on this definition, ε may be written in terms of mass flow rates, temperatures, and the humidity ratio (see Fig. 4 ):
For a cooling tower, h ideal w,o is the enthalpy of water at the inlet air temperature and h ideal a,o is the enthalpy of saturated moist air at inlet water temperature.
In addition to defining the effectiveness, we need to fix the exit relative humidity to completely specify the cooling tower performance. For any given case, a particular range of exit relative humidities are possible (corresponding to points from 'a,2' to 'a , 2' shown in Fig. 3 ). Hence, the exit relative humidity is treated as a variable in this study.
The effectiveness of a cooling tower defined in this section varies from zero to a maximum value. The maximum value of the effectiveness is constrained by the Second Law and by the fact that the temperature of the air stream cannot exceed the temperature of the water stream at the hot end of the heat and mass exchanger. The latter is because it is not possible to have rate processes that will increase the temperature of air to above the temperature of water and also increase the humidity of the air stream at the same time. The maximum value depends on the inlet air and water temperatures, the inlet relative humidity, the operating pressure), the modified heat capacity ratio (HCR) (defined in section 3. To incorporate the two constraints in the effectiveness definition, the maximum value of change in total enthalpy rate can be redefined as follows:
and Eqn. 16 would be modified by replacing ∆Ḣ max by ∆Ḣ mod max
This would ensure that the effectiveness varies from 0 to 1 (as for heat exchangers) and also that theṠ gen will always be greater than 0 for ε < 1. However, this modification to the definition of effectiveness will make it very cumbersome to evaluate a priori. Hence, we will use the definition in Eqn. 16.
Expression for entropy generation
Here we develop a similar expression for a heat and mass exchanger to identify the variables that affectṠ gen in these devices. The example of a counterflow cooling tower (Fig. 4) is taken. An energy balance giveṡ
Using Eqn. 15 we find the following expression for T w,o :
where, h f g,o and h f g,i are evaluated at the inlet and outlet air temperatures. From the definition of effectiveness, we have two cases.
Case I, ∆Ḣ max,w < ∆Ḣ max,a :
Case II, ∆Ḣ max,w > ∆Ḣ max,a :
Applying the Second Law to the control volume, we can derive the following expression for entropy production in a cooling tower (see Appendix):
where P sat is the saturation vapor pressure of water. Using Eqns. 21-24 we can see that entropy has the following functional form;
where:
. Also, we can see that the parameters in Eqn. 25 have the following functional form:
and
Therefore, we can write Eqn. (25) as,
In Section 3.3, we show how the non-dimensional entropy production can be minimized using this understanding.
Modified heat capacity rate ratio
In this section, we define a new term for the heat and mass exchange devices which we will call the 'modified heat capacity rate ratio'. In heat exchangers we defined the heat capacity rate ratio as follows.
This can be rewritten as
since the maximum temperature difference in ∆Ḣ max,c and ∆Ḣ max,h is the same (i.e., ∆Ḣ max,k =
, where k = c or h). Similarly, for an HME device, we define
Non-dimensional entropy generation
For heat exchangers, we saw that a non-dimensional entropy generation termṠ gen (ṁ·cp) min appears in the derivation. Similarly, we define a non-dimensional term for heat and mass exchangers.
Case I, ∆Ḣ max,w < ∆Ḣ max,a ;Ṡ
Case II, ∆Ḣ max,w > ∆Ḣ max,a ;Ṡ
where, ṁ w is the average mass flow rate of water through the cooling tower and the term ( ṁ w · c p,w ) · HCR ct , which arises from Eqn. 33, can be thought of as an equivalent moist air heat capacity. In this paper, ṁ w has been calculated as the average of the mass flow rates of water at the inlet and the outlet.
The typical difference in water mass flow rate from inlet to outlet in a cooling tower is 5%.
Hence, the inlet water mass flow can also be used as a good approximation to the average water mass flow for the cooling tower cases presented in this paper.
Solution technique
We have described the functional dependence of various parameters on entropy production by analytical expressions derived by making several simplifying approximations. Some of these such as the ideal gas approximation (Eqn. 15) introduce inaccuracies. Hence, all following simulations are performed using the commercial software, Engineering Equation
Solver (EES) [13] which uses accurate equations of state to model the properties of moist air and water. Moist air properties are evaluated using the formulations presented by Hyland and Wexler [14] , which are in close agreement with the data presented in ASHRAE Fundamentals [15] . EES calculates water properties using the IAPWS (International Association for Properties of Water and Steam) 1995 Formulation [16] .
EES is a numerical solver, and it uses an iterative procedure to solve the equations.
The convergence of the numerical solution is checked by using the following two variables: The code written in EES was checked for correctness against various limiting cases. For example when ε ct = 0,Ṡ gen was found to be 0 for all values of input variables. When ε ct = 1, the minimum stream-to-stream terminal (at exit or inlet) temperature difference in the cooling tower was identically equal to zero for all values of input variables. Several other simple cases were checked. Also, calculations were repeated several times to check for consistency.
Results

Effect of mass flow rate ratio
In Section 3.1.2, we showed that the non-dimensional entropy generation of a cooling tower is a function of the inlet temperatures, the component effectiveness, the exit and inlet relative humidities, the ratio of certain specific heat capacities 
This is found to be true for all values of input variables (inlet temperatures, inlet and exit
reltive humidities and component effectiveness). Hence, we can conclude that at fixed inlet conditions the optimum point for non-dimensional entropy generation is dependent only on the mass flow rate ratio.
In certain cases (e.g, in Fig. 6 for T w,i = 70
• C) the minimum entropy generation point cannot be attained within the constraints (Ṡ gen ≥ 0; T w,i ≥ T a,o ). Also, there are points of zero entropy generation at effectiveness less than 1. These correspond to points of maximum effectiveness (Fig. 5) . As noted in Section 3.1.1, a modified effectiveness (See Eqn. 19 and 16) will have a value of 1 at these points.
Optimization using modified heat capacity ratio
The optimum point for non-dimensional entropy generation occurs at a particular value of mass flow rate ratio, but this value varies with change in input variables (inlet temperatures, inlet and exit relative humidities and component effectiveness). In this section, we normalize the optimum point by using the modified heat capacity rate ratio defined in Section 3.1.3.
We also look at the effect that the different input variables have on the non-dimensional entropy generation.
Effect of water inlet temperature (T w,i ). Figure 7 shows the non-dimensional entropy pro- Effect of air inlet temperature (T a,i ). Figure 8 illustrates the effect that the air inlet temperature has on non-dimensional entropy production. As was the case with the previous example, the entropy production is minimized at HCR=1 at all values of T a,i . Also, it can be observed that the non-dimensional entropy production increases with decreasing air inlet temperature.
This trend is for fixed values of T w,i , φ o , φ i and ε.
Effect of component effectiveness (ε). In Section 3.1.1 we had defined 'component effectiveness' for combined heat and mass exchangers. Figure 9 illustrates the effect of this parameter on entropy production. As in previous examples, the minimum entropy production rate is achieved at HCR=1 for all values of ε ct . Also, as one would predict, a larger effectiveness (which usually translates into a larger heat exchanger size) yields a smaller entropy production than the cases with lesser effectiveness for the same boundary conditions.
Effect of exit relative humidity of the air (φ o ). We had noted in Section 3.1 that to completely balance a heat and mass exchange device we have to balance the driving force of energy transfer, which is a combination of the temperature and concentration difference. In cooling towers, this concentration difference is represented by the difference in relative humidity of the air stream (between inlet and outlet, for example). Figure 10 shows that cooling towers are balanced at HCR=1 for different values of exit relative humidity. It can also be observed that non-dimensional entropy production varies only slightly with φ o (the curves are almost on top of each other). This is because the range of exit relative humidities possible for the presented case is small.
Effect of inlet relative humidity of the air (φ i ). Figure 11 illustrates the effect of inlet air relative humidity on the non-dimensional entropy production. As we had observed previously, the entropy production minimizes at HCR=1 irrespective of the value of the independent variables. Also the entropy production is inversely correlated with φ i .
Effect of pressure drop. Figure 12 illustrates the effect of pressure drop on the non-dimensional entropy production. For this example, the air side pressure drops are taken to be varying from 0 to 10 kPa. The entropy production minimizes at HCR=1 irrespective of how large or small the pressure drop is. Also entropy production increases with increase in pressure drop.
From the various examples in this section, it is clear that a combined heat and mass exchanger is 'balanced' and the entropy production is minimum when the modified heat capacity rate ratio is 1. Also, the functional dependence of the non-dimensional entropy production isṠ
Application in thermal design of a desalination system
In this section, we look to use the concept of 'balancing' combined heat and mass exchangers in a practical application. Figure 13 is a schematic diagram of a simple desalination system called the humidification-dehumidification (HDH) desalination system [20] [21] [22] . This system consists of two simultaneous heat and mass exchangers: (1) A humidifier which is similar to a cooling tower (an air stream gains heat and mass from direct contact with hot seawater stream in the humidifier); and (2) a dehumidifier which uses cold seawater to dehumidify the moist air stream to produce fresh water as condensate. Energy is input in a moist air heater which heats the moist air from the humidifier before it enters the dehumidifier.
For the HDH systems, a performance ratio called the gained-output-ratio (GOR) is commonly used. GOR is the ratio of the latent heat of evaporation of the distillate produced to the total heat input absorbed by the moist air heater.
GOR =ṁ
This parameter is, essentially, the effectiveness of water production and an index of the amount of the heat recovery effected in the system. We will balance the humidifier and the dehumidifier by adjusting the modified heat capacity rate ratio (HCR) for these components, so as to improve the GOR of the system. Further, we can make multiple extractions of moist air from the humidifier and inject it in the dehumidifier to fully balance (HCR = 1) the dehumidifier.
In Fig. 15 , a configuration to balance the humidifier in the same system is shown. Here, the direction of extraction is reversed. Thirty-one percent of humid air stream is extracted from the dehumidifier (at a temperature T a,4 ) to the humidifier (at a temperature T a,5 ). This brings the HCR of the humidifier closer to 1 (≈ 1.919) while that of the dehumidifier moves away from the balanced condition (HCR ≈ 1.912). Because the dehumidifier performance dominates the system performance, the GOR of the system is reduced to 2.25. However, it can be seen that the humidifier can be fully balanced by making the system a multi-extraction system.
Müller-Holst [23] developed a similiar system without this theoretical framework. His scheme of extractions was aimed at minimizing the maximum stream-to-stream temperature difference. However, the minimum entropy generation is at a point where HCR =1, which is not the same as a situation in which temperature differences are balanced.
Conclusions
A comprehensive study to understand and optimize the Second Law performance of combined heat and mass exchange devices has been carried out. The following significant conclusions are arrived at from this study:
1. The entropy production can be usefully non-dimensionalized by dividing it by the heat capacity rate of the minimum heat capacity stream in the heat and mass exchanger 3. The non-dimensional entropy production for a cooling tower is dependent on the following variables: 4. The non-dimensional entropy production is minimized and the heat and mass exchanger is 'balanced' at HCR=1. 5 . A typical desalination system was taken as an example of the practical application of the entropy minimization concept in thermal design of cycles that include simultaneous heat and mass exchangers. T w,i = 55
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